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M ■ 

^; ■ In this paper we demonstrate that 'non-commutative localizations' 

»3 ■ °f arbitrary additive categories (generalizing those defined by Colin 

for rings) are closely (and naturally) related with weight structures. 
Localizing an arbitrary triangulated C by a set S of morphisms in 
the heart of a weight structure w for it one obtains a triangulated 
CN ', category endowed with a weight structure w' . The heart of w' is a 

certain idempotent completion of the non-commutative localization 
Hw [S~ l ]ndd of Hw by S\ ffw I/S' Jqrfrf is the natural categorical version 



of Cohn's localizations of rings i.e. the functor Hw — > Hw [S \„m 

is universal among all the additive functors that make the elements 

of S invertible. In particular, taking C = K (A) for an additive A 

*y-s . we obtain a very efficient tool for computing ^[S 1-1 ],!,^; using it, we 

generalize the calculations of Gerasimov and Malcolmson. We also 
prove that J 4[5 r_1 ] a rfrf coincides with the 'abstract' localization AfS" -1 ] 
(as constructed by Gabriel and Zisman) if S contains all ^-identities 
and is closed with respect to direct sums. 

We apply our results to certain categories of birational motives 
DM°(U) (generalizing those defined by Kahn and Sujatha). When 
U is the spectrum of a perfect field, the weight structure obtained 
is compatible with the Chow and Gersten weight structures defined 
by the first author in previous papers. For a general U the result is 
completely new. It enables us to calculate the Grothendieck group of 
DM° gm {U). 
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Introduction 

For an additive category A and some S C Mor(A) it is natural to ask the 
following questions: 

(i) does there exist an initial object in the category of those additive 
functors from A to (an additive) A' such that all elements of S become 
invertible in Al 

(ii) how can one describe the target A[S _1 ] a dd of this functor? 

(iii) is A[5' _1 ] a rfrf isomorphic to the 'abstract' (i.e. Gabriel-Zisman) local- 
ization of A by SI 

In the case when A is the category of finitely generated free modules over a 
(associative unitial) ring R the answer to questions (i) and (ii) is given by the 
theory of non-commutative localizations of rings introduced in |Coh85] (see 
§2.21 and §3.31 below for more references) . In the current paper we extend the 
corresponding results to a (somewhat) more general setting of an arbitrary 
additive A. We also recall that the answer to (iii) is positive if S contains all 
A-identities and is closed under direct sums. 

We give a comprehensive description of AfS -1 ],^. Our main 'computa- 
tional' tool is the consideration of A[S _1 ] a dd as the corresponding full sub- 



category of the Verdier localization of K b (A) by S. This setting is closely 
related with weight structures (as was shown in several previous papers of 
the first author, those are important cousins of t-structures) . We prove that 
a weight structure w necessarily induces a weight structure for CJD if D_ is 
generated by objects of 'length 1' i.e. if we invert a set S of jjw -morphisms 
(in contrast to the situation with ^-structures, w does not have to induce a 
weight structure on I); we will say more on this matter at the end of this 
Introduction). The heart of this weight structure is the Karoubization of 
Hw [S~ 1 ]„.Hd in C_jD_. So, one can describe A[S _1 ] a dd using any triangulated 
C_ whose heart is an idempotent completion of A. We also prove (in the case 
of a compactly generated "D C C_, V is weakly generated by {Cone(S')}) that 
G./H possesses a t-structure adjacent to Wqjt> and calculate its heart. 

We apply our results to certain triangulated categories of (geometric) bi- 
rational motives. Those are obtained from (a version of) effective geometric 
Voevodsky's motives (over a scheme U) by inverting birational equivalences 
(and by Karoubization). So, there exists a weight structure Wur on the cate- 
gory DM°(U) obtained. Hw bir is given by retracts of motives of (smooth) 
[/-schemes; our results allow calculating morphism groups for the heart. The 
existence of Wur previously was only known for U being (the spectrum of) a 
perfect field; even in this case we obtain a new 'elementary' proof of this fact. 
As shown in previous papers, the existence of a weight structure yields func- 
torial weight nitrations and weight spectral sequences for any cohomology 
theory that factorizes through birational motives, and a conservative exact 
weight complex functor whose target is K b ( Hw bir ). We also calculate the 
Grothendieck group of DM° m {U). 

Now we list the contents of the paper in more detail. 

We start £Q] with certain calculations in a triangulated category C_ that 
contains a weakly negative class of objects B. We prove that any object in the 
triangulated subcategory D_ of C_ generated by B is a cone of a morphism of 
'more simple objects' (i.e. that it has a weak weight decomposition) . It follows 
that a presentation of a morphism in C_/D_ as a 'roof can be 'simplified' 
under certain conditions. This technical result yields: for an additive A, 
S C y\.OY A, B = {Cone(S')}, the functor that sends A to the subcategory 
A[»S'~ 1 ]add of K b (A)/D_ whose objects are those of A, is universal among 
additive functors that convert all elements of S into isomorphisms. We also 
recall that A^ -1 ]^ coincides with the 'abstract' localization of A by S (as 
constructed by Gabriel and Zisman) if S contains all identities and is closed 
under direct sums. 

In §2] we 'compute' the category A[S ,_1 ] a ^ very explicitly. In particular, 
we prove that in AfS 1-1 ],^ any morphism can be presented as g o s _1 o % 
where i,g £ Moy(A), s is invertible in A[5 ,_1 ] a dd (see Proposition 12.1.2]) . 



Other significant computations of this section are Propositions 12.1.41 and 
(especially) 12.1.71 We also compare our results with (some of) the results of 
the theory of non-commutative localizations of rings. 

In §3] we recall some basics on weight structures. For a D_ generated by 
cones of a set S of ijw- morphisms (where w is a weight structure for C_) 
we prove the existence of a weight structure on CJ D_ such that the localiza- 
tion functor is exact. The heart of this weight structure is the Karoubiza- 
tion of Hw \S~ x \ n rtd in C_/D_ (it is completely determined by Hw and S in 
the 'bounded' case). For certain 'big' (and compactly generated) V C C_ 
and Hw 'weakly generated' by an additive A we prove: C/P possesses a 
^-structure adjacent to Wg_/v whose heart is the category of additive func- 
tors from yl[5'~ 1 ] op to Ah. This is a certain generalization of (some of) the 
'triangulated results' of |Dwy06| and |NeR 04j . 

In §3]we introduce certain categories of birational motives (via the method 
of |KaS02] ). It is easily seen that the results of the previous sections can be 
applied to them. So, we discuss their 'weights' and calculate K for these 
categories. 

Now, for the convenience of readers already acquainted with weight struc- 
tures (in particular with |BonlOa| ) we describe the relation of our current re- 
sults with those of (§8.1 of) ibid; we also recall the behaviour of t-structures 
in localizations. Several properties of weight structures are quite similar to 
those of t-structures; in particular, it was proved in loc. cit.: if a weight 
structure w for C_ restricts to a weight structure for D_ C C_, then it also 
yields a weight structure for C_/D_ (i.e. the localization functor p : C_—¥ CJD 
is weight-exact). Note here: the 'most simple' way to construct &D_ C C_ such 
that w restricts to it is to 'generate' it by an additive subcategory of Hw (one 
actually obtains all possible D_ this way if w is bounded). Now, for the set- 
ting of ^-structures we certainly have: if the localization functor p is t-exact, 
then tc_ restricts to a t-structure for D_. Indeed, since ^-decompositions are 
canonical, we obtain: both components of the t^-decomposition of an object 
killed by p also belong to the kernel of p. Now, a crucial distinction of weight 
decompositions (see fll]) below) from t-ones is that they are not canonical; 
so this argument cannot be carried over to weight structures. Moreover, if 
D_ is generated by cones of any (!) set of ifw- morphisms then W yields a 
weight structure for C_/D_, though w usually does not restrict to a weight 
structure for D_ (since there are 'not enough' objects in C_ w=0 fl D_, we only 
have 'weak weight decompositions' inside D_; cf. Remark 11.1.4( 1) below)! A 
certain 'explanation' of this distinction between weight and ^-structures is 
given by the notion of adjacent structures; see §3.31 for more detail. 

The first author is deeply grateful to prof. L. Barbieri-Viale, the Landau 
Network- Centro Volta, and the Cariplo Foundation for the wonderful work- 



ing conditions during his staying in the Milano University where he started 
writing this paper. Both authors are very grateful to prof. D.-C Cisinski, 
prof. A.I. Generalov, prof. B. Kahn, prof. A. Neeman, and prof. L.E. 
Positselski for their interesting comments. 

Notation and conventions. For a category C, X, Y G Obj C, we denote 
by C(X, Y) the set of C-morphisms from X into Y . We denote by Mor(C) 
the class of all morphisms of C; Isom(C) C Mor(C) is the subclass of all 
isomorphisms; id(Obj C) C Isom(C) is the subclass of identity morphisms 
(of all objects of C). 

For categories C',C we write C C C if C is a full subcategory of C. 

For a category C, X,Y £ Obj C, we say that A is a retract of Y (and Y is 

coretract of A) if idx can be factorized as A — y Y — y A (if C is triangulated 
or abelian, then A is a retract of Y whenever A is its direct summand). We 
will call p a retraction; i will be called a coretraction. 

For an H C C the subcategory H is called Karoubi- closed in C if it 
contains all retracts of its objects in C. For a general H the full subcategory 
K&rc{H) of C whose objects are all retracts of objects of H (in C) will be 
called the Karoubi- closure of H in C . 

The Karoubization Kar(A) (no lower index) of an additive A is the cat- 
egory of 'formal images' of idempotents in A (so A is embedded into an 
idempotent complete category that contains its small envelope defined in 
Definition 13.1. II VIII) below; it is triangulated if A is). We will say that A 
is Karoubian if A = Ksn(A) i.e. if any idempotent morphism yields a direct 
sum decomposition in A. 

C_ below will always denote some triangulated category; usually it will be 
endowed with a weight structure w. 

D C Obj C_ will be called extension- closed if it contains and for any 
distinguished triangle A — y Y — y Z in C_ we have: A, Z G D =^ Y G 
D. We will call the smallest extension-closed subclass of objects of C_ that 
contains a given class B C Obj C_ the extension- closure of B. 

For a D C Obj C_ we will denote by (D) the smallest full Karoubi-closed 
triangulated subcategory of C_ containing D, whereas the smallest full strict 
triangulated subcategory D of C_ containing D will be called the triangulated 
subcategory generated by D (i.e. (D) is the Karoubization of D_ in C7). 

For A, y G Obj C we will write A ± Y if C(A, y) = {0}. For D, E C 
Obj C we will write D JL E if A JL y for all A G D, Fe£. For D C Obj C 
we will denote by .D -1 the class 

{y GObjC: A±y VAG D}. 

Dually, ± D is the class {Y G Obj C : yilVIeD}. 



For an additive category A we will denote by K b (A) C K(A) the category 
of (bounded) cohomological complexes over A. For i < j G Z we will denote 
by K b (A)- 1 (resp. K b (A)- % ) the class of those (bounded) complexes that 
are isomorphic (i.e. homotopy equivalent) to complexes that have non-zero 
terms only in degrees > i (resp. < i); K b {A)^^ is the class of complexes 
isomorphic to those that have non-zero terms only in degrees from i to j. 
We will also use a similar notation for the whole K(A). In our arguments 
below we usually can (and will) assume that the corresponding complexes 
are concentrated in degrees > i (resp. < i, resp. in degrees between i and j) 
themselves. When we will say that an arrow (or a sequence of arrows) in A 
yields an object of K b (A) we will mean by default that the last object of this 
sequence is in degree 0; yet note that we will ignore this convention when 
the terms of a complex are indexed by numbers (in T° —¥ T 1 the term T 1 is 
in degree 1). We will always extend a 'finite' A-complex by 0's to ±00 (in 
order to obtain an object of K b (A)). For a single morphism / G A(C~ l , C°) 

we will also call the complex C _1 — Y C° the cone of /. We will use a similar 
convention for triangulated categories (i.e. for any / G C_(X, Y) we have a 

distinguished triangle X — ¥ Y — > Cone(/) — > X[l\. 



1 Weakly negative classes in triangulated cat- 
egories and localizations 

First we recall certain basic facts on localizations of categories. Everywhere 
in the paper except §3.31 we will only consider essentially small categories (in 
order to avoid set-theoretic difficulties). 

By Lemma 11.2 of [GaC67j, for any category C and any set S C MorC 
there exists an initial object in the category of those functors from C that 
converts all elements of S into invertible morphisms. We will denote the 
target of this functor by CfS 1-1 ] and call it the 'abstract' or the 'Gabriel- 
Zisman' localization of C by S. We have Obj CfS* -1 ] = Obj C; any morphism 
in CfS 1-1 ] can factorized into the composition of a chain of morphisms each 
of those either comes from C or is inverse to some element of S (in CfS 1-1 ]). 
It follows: any morphism in CfS 1-1 ] can be presented as the composition 
fiSi /2S2" 1 ■ • • fnSn 1 ( a zig-zag) for some n > 0, /, e MorC, Sj G S. We will 
call a single composition fiS^ 1 of this sort a roof. 

A caution: in Remark 11.2.11 below we will introduce an additive version 
of this definition (cf. also Theorem II. 2. 2ft for an additive A; a priori we only 
have a comparison functor Q : AfS 1-1 ] — > AlS^^add that does not have to be 
an isomorphism (though it 'usually' is; see Corollary 11.2. 3p . Note still that 



we have Obj Atf- 1 ]^ = Obj A^ 1 ] = Obj A. 

By a localization of Q by a triangulated subcategory Z) we will mean the 
Verdier localization of C_ by the Karoubi-closure D' of /} in (7. We recall (see 
§2.1 of |Nee01] ) that this is the localization of Q by those morphisms whose 
cones belong to Obj D'. Note that this is also a triangulated category; any 
morphism in it can be presented as a single 'roof fs^ 1 . 

1.1 Weakly negative classes of objects and Verdier lo- 
calizations 

Definition 1.1.1. 1. We will say that D C Obj (7 is weakly negative if 
{0} e D and D 1 (U i>:l D[i]). 

2. For any 2, j G Z and a weakly negative D we will denote by D[ij\ the 
extension-closure of ^i<i<jD[j] if j > i, and set Dua = {0} if j < i. We 
denote Ui^Zfyj] by D sj ; D> { = Uj>iD[ij]. 

Remark 1.1.2. 1. The weak negativity condition is a weakening of the neg- 
ativity that is fulfilled for the hearts of weight structures; see Remark 13.1.21 
below. Respectively, D\i^ corresponds to Qua for Q endowed with a weight 
structure (see Definition 13.1. 1 f I V) ) . 

2. Certainly, the triangulated category generated by D equals the union 
of D hN , N] for all N > 0. 

3. Our basic example of a weakly negative class is D C K b (A)^~ 1 ^] its 
generalization is D C C\ -n for C endowed with a weight structure w. For 
both of these examples our Proposition 11.1.3( 2-4) has consequences that are 
(more or less) easy to formulate. 

Now we prove a technical statement that is crucial for this paper. 

Proposition 1.1.3. Let Q be a triangulated category, B C Obj Q is a weakly 
negative set. Denote by -D(c (B) C Q) the triangulated subcategory of Q 
generated by B. Then the following statements are valid. 

1. For any m < 0,n > 0, M G B[ m>n ], there exists a distinguished triangle 

I4¥^7^I[1] (1) 

for some X G -B[ m ,o]) Y £ -^[i,n] (it may be called a weak weight decomposition 
ofM; cf (fjj below). 

2. For anneZletXE ± B> U Y G £< n _ 2 . Then any e G Q/D(X, Y) 
can be presented as hq~ x for some Z G ObjC, h G Q(Z,Y), q G Q(Z,X), 
Cone(g) G B [nfi] . 

3. For n, X, Y, Z, e, h, q as above we have: e = whenever h can be 
factorized in Q through an element of -Br n _i )0 ]. 



4. LetXe ± B> 1 , YeB^_ v ThenC{X,Y) surjects onto C/D(X,Y). 

Proof. 1. Essentially, here we can apply Proposition 3.5.3(8) of |BonlOc] (we 
set F = in that statement). Note that the formulation of loc. cit. yields 
only that we can choose X, Y belonging to the Karoubizations of B[ m m and 
B[\, n ] in C_i respectively. Yet the arguments used in the proof of the fact do 
actually yield the statement desired. 

Alternatively, one can deduce the statement in question from the results 
of Appendix B of |Posll] . 

2. We recall that (by the theory of Verdier localization) e can be presented 
as hiq^ 1 for some q\ : Z\ — > X such that T\ = Cone(gi[— 1]) G Obj(B). Now, 
T\ is a retract of some T 2 G Obj D_; so T 2 — T\@T' for some T' G Obj(-B). 
Hence e can also be presented as h 2 q 2 l for Z 2 = Z\ ® T', h 2 = hi @0t',y, 
Q2 = <?i 0Or',x; note that Cone(g 2 ) — T 2 [l]. 

Applying assertion 1 of our proposition to T 2 [l] we obtain: for some large 
enough N there exists a distinguished triangle T 3 — > T 2 — > V — > T 3 [l] such 
that T 3 G B[_jv-i,-i], V G S [0) jv-i]. 

Since X J_ V[l], we can factorize the morphism c in the distinguished 

triangle T 2 4Z 2 4l4 T 2 [l] through T 3 [l]. Hence there exist Z 3 G Obj C 
and a morphism c/ : Z 3 — > Z 2 with Cone(d) = V G Obj D. We set g 3 = s 2 o d; 
by the octahedral axiom we can choose d so that Cone(s 3 ) = T 3 [l]. Besides, 
for h 3 = d o h we have: /i 2 (? 2 ~ 1 = h 3 q^ 1 in C_/ ID- 
Next, applying assertion 1 of our proposition to T 3 [2 — n] we obtain: 
there exists a distinguished triangle U — > T3 — >■ T — > U[l] such that U G 
5r_ jv-i,n-21) T 1 G Br„_i_i]. Hence the octahedral axiom yields: there exist 
a Z G Obj (7, an m G C_(Z 3 ,Z) such that Cone(m) = C/[l] G ObjD, and a 
morphism g G C_(Z,X) with Cone(g) = T[l]. Now, since U -LY, h 3 can be 
factorized as ho m for some h G C(Z, y). Thus h^q^ 1 = hq~ l in C_/D_, and 
we obtain the result. 

3. Certainly, e = whenever h = in C_/D_- Besides, since any 
T G S n0 becomes in C_/D_, any morphism that factorizes through T 
vanishes in C_jD_. It remains to prove the converse implication. We note: 
Z G B>i, since for any 6 G 5, i > 1, we have a long exact sequence 
••■-». C(X,6[i]) ^ C(^,6[i]) -> 0Cone(s[-l]),6[i]) -)> ...; it remains to 
apply the weak negativity of B. 

Next, a well-known (and easily proven) property of Verdier localizations 
yields: h vanishes in C_/D_ whenever it factorizes through an object of (B). 
Then it certainly also factorizes through some T\ G B[_n,n] for a large enough 
N. 

Next we use certain arguments that (also) are quite similar to the proof 
of the previous assertion. 
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Applying assertion 1 of our proposition to T\ we obtain: there exists a 
distinguished triangle T 2 — > T\ — \ U — > T 2 [l] such that T 2 G Bi jv^i, U G 

h' 

Bum. Since Z _L £/, we can factorize ft, into the composition Z— >-T 2 — > V. 

Now we apply assertion 1 to T2[2 — n]. We obtain a distinguished triangle 
1/ -> T 2 -> T -> 1/[1] for some T G S[ n -i,o], V G 5< n _ 2 . Since V ± Y, we 
can factorize h! through T; hence the same is true for h. 

4. It suffices to note: by assertion 2 (applied in the case n — 1) any 
e G Q_/D_{X 1 Y) can be presented as /ig _1 where the cone of q is zero i.e. it 
is a C-isomorphism. 

□ 

We will use this proposition several times below. Yet before that we would 
like to make some extra 'computational' remarks (they may be skipped on 
first reading). 

Remark 1.1.4. 1. Let w be a weight structure for a triangulated C_; see 
Definition 13.1.11 below. Then any B G C\ x i is easily seen to be weakly 
negative; the conditions of Proposition 11.1.3( 2.3) are fulfilled for any X G 

Besides, in this case we have S[ m>n ] C C\ m n+1 i for any m, n G Z. In partic- 
ular, for the weak weight decomposition ([T]) we have X G C\ m x i , K G Cr n i , 
whereas for the 'usual' weight decomposition (see (J3J)) we would certainly 
have X G (2 m0 . 

2. Certainly, for any arbitrary B C Obj C (that is not necessarily weakly 
negative) and the corresponding D_ we have: if X _L Uj e z-B[*] then C(X, K) = 
C/D(X, Y) for any F G Obj C = Obj C/D. 

Now, assume that for some additive A d C_ and S C Mor(A) we have: 
the objects of B are cones of elements of S. Then one can apply the previous 
statement whenever for any s G S, i G Z we have: C_(X, —){s[i\) is a bijection. 
In the case when (7 = -^(^4) it certainly suffices to consider i = here. 

Now, let X G Obj A; assume that S contains id(Obj A) and is closed 
with respect to compositions. Consider the category Sx whose objects are 
UzeObjA^z G A(Z,X) : tz G S}; the morphisms are elements of S that 
are compatible with the corresponding tz's- This category is not filtering 
in general, though it is in some interesting cases. Yet in any case for any 
Y G Obj £7 one can consider lim C(Z,Y); though this is not a group, 

it still contains zero. For any distinguished triangle Y — > V — > W — > Y[l] 
one can easily verify: lim C_(Z,f[i]) is bijective for all % G Z whenever 

lim „ C(Z, Y[i]) = {0} for all i G Z. 

Now, if lim „ C_(Z, s\i\) is bijective for all z G Z, s G 5, then we obtain 

rtz&JX 

for any Y G Obj £7 a natural bijection lin^ C£Z,y) -»- C/D(Z,Y). In 



the case C = K(A) (and i = 0) we easily obtain that the latter statement 
is fulfilled if (A, S) satisfy the right Ore conditions (that are dual to the 
conditions in §12.2 of |GaC67] ). For a general C_ one may speak about certain 
'generalized Ore conditions'. 

3. One can also dualize the previous remark in the obvious way (in 
particular, one should consider the left Ore conditions). 

4. It is easily seen that Proposition 11.1.31 cannot be applied to the situa- 
tion when B is an arbitrary subset of C\ 2 i (or to B C K h (Ay~ 2 ' '; cf. Remark 
ll.2.1l below). Indeed, for an abelian A, C_ = K b (A), B being the class of com- 
plexes coming from all short exact sequences in A, we have CJD = D b (A), 
whereas D b (A)(M, N[r]) = Ext^_(M, N) for any M, N G Obj A, r G Z; hence 
this group can be non-zero for any r > (for general A, M, N). 

One can also obtain an example of this sort using (effective) Voevodsky's 
motives (the corresponding calculations are easy in the well understood case 
when the base is the spectrum of a perfect field); cf. §4.11 below. 

1.2 On the universal additive functor inverting a set of 
morphisms 

Now we fix certain notation. 

Remark 1.2.1. 1. Till the end of §2. II we will use the following notation: A is 
an additive category, C_ = K b (A), S is a set of morphisms in A, B C K^ 1 ^ 
is the set of cones of elements of S, D = -B[o,o] (i n the notation of Proposition 
I1.1.3P is the extension-closure of B, D_ C C_ is the triangulated category 
generated by B. 

2. We denote by u the functor that sends A to the full subcategory 
of C_/D_ whose objects are those of A. Note that u is an additive functor. 
Throughout this paper we will denote the target of u by v4[5'~ 1 ] a ^; we will 
justify this notation below. 

Now we apply Proposition 11.1.31 to C_. A more general setting will be 
considered in §21 below. 

Theorem 1.2.2. 1. ForX, Y e Obj A C Obj C any morphisme e C/D(X, Y) 
can be presented as hq~ x for some Z G Obj C_, h G C_(Z,Y), such that 
qeC(Z,X), Cone(g) G D. 

e = whenever h can be factorized through some T such that there exists 
a distinguished triangle C_x — > T — > Cq with Ci G D[i] (for i = —1, 0). 

2. More generally, for X G K b (A)-°, Y G K b (A)-' n we have: any 
e G C_/D_(X, Y) can be presented as hq~ x for some Z G Obj C_, h G C_(Z, Y) 
such that q G C_(Z,X), Cone(g) G -B[ n o] (in the notation of Proposition 
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3. The functor u : A — >■ v4[S ,_1 ] a ^ (see i/ie Remark above) is charac- 
terized by the following universal property: an additive functor F : A — > A' 
uniquely factorizes through u whenever F converts all elements of S into 
isomorphisms. 

Proof. 1-2. It suffices to note that we can apply Proposition 11.1.31 to this 
setting; note that B is obviously weakly negative. 

3. Certainly, u makes all elements of S invertible (since they become 
isomorphisms in C_/D). Conversely, assume that an additive F maps all 
elements of S into isomorphisms. We consider the exact functor K b (F) : 
C_ —?• K b (A'). In order to verify that F factorizes through u it suffices to 
check that K b (F) factorizes through the localization functor C — > C_/D_. By 
the universal property of (Gabriel-Zisman) localizations to this end for any 

distinguished triangle X — > Y — > Z — > X[l], X G Obj (5), we should prove 
that K b (F)(f) is an isomorphism. Since K b (F) is exact, to this end it suffices 
to verify that G(X) = for such an X. Since K b (F) is additive, we only 
have to check that it kills all objects of D_. Applying the exactness of K b (F) 
again, we reduce this to the fact that K b (F) kills B. 

In order to finish the proof, we should verify that A[S'~ 1 ] a( i ( i coincides with 
its smallest (in the sense of inclusions of morphisms sets) additive subcate- 
gory Aq such that Mor(Ao) contains u(Mor(A)) and also the inverses to all 
elements of S (note that Obj A = Obj A = Obj AlS^^add)- The latter fact 
is immediate from Remark 12.1.3( 2) below (its proof relies on assertion 1 of 
this theorem, but does not use assertion 3). 

□ 

Now we recall that AfS' -1 ] is 'usually' additive; hence it is isomorphic to 

A[S~ l ] add . 

Corollary 1.2.3. Assume that S contains id(Obj A) and is closed with re- 
spect to the direct sum operation. Then the natural functor Q : AfS 1-1 ] — > 
AlS'^add is an isomorphism of categories. 

Proof. Theorem 1 1 . 2. 2l yields: it suffices to verify whether AfS 1-1 ] has a natural 
structure of an additive category that is compatible with the one of A. This 
was done in §A3 of [KaS09j (see also |CislO| ). □ 

Remark 1.2.4. 1. For an arbitrary S C Mot A denote by S the closure 
of S U id(Obj A) in Mot (A) with respect to the direct sum operation. Cer- 
tainly, in AfS 1-1 ^^ all the elements of S become invertible. Hence we obtain: 

ais-Xm^ais-X^^ais- 1 ]. 

2. It seems that the additivity of AfS 1-1 ] (for S as in Corollary I1.2.3P 
is well-known to experts in the field; yet 'classical' literature does not treat 
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the additive structure of AfS 1-1 ] unless S satisfies (either right of left) Ore 
condition. 

3. Corollary II .2.31 can also be deduced from Theorem II. 2. 2f 3) via a 'very 
explicit' method. To this end one should verify that any morphism in AfS 1-1 ] 
can be presented as in Proposition 12.1.21 below; then one should check that 
two morphisms presented in this form are equal in AfS* -1 ] if they become 
equal in A[S- l ] add (cf. Proposition 12X7(1112)). 

2 On 'additive localizations': our computations 
and their comparison with existing results 
and methods 

In this section we 'calculate' the category A[S ,_1 ] a rfrf 'explicitly'. This allows 
us to finish the proof of Theorem 11.2.2( 3) (so our calculations do not use 
this assertion; yet we will apply part 1 of the Theorem several times). We 
also describe the relation of our results with the theory of non-commutative 
localizations of rings. 

2.1 Certain computations in A[S~ l ] a dd 

We would like to give a certain description in terms of A of C_/D_(a, b) for 

a, b G Obj A = Obj y4[S ,_1 ] a ^ C Obj C_/D_. Since any morphism between a 
and b can presented as a roof hoq -1 (for Cone(g) G D, see Theorem II. 2.2( 1)). 
we start with describing compositions and sums of roofs of this sort. 

Lemma 2.1.1. Let F — f o s _1 , G = g o £ -1 , where s : L — >■ o, t : T — >■ 

b, f : L — > b,g : T — > c are morphisms in C_/D_, a,b,c G Obj A, the cones 
of the first two belong to D, and L,T G C} ' 1 * . Denote by LT the complex 

f-d° L \ 
LT° = L° © T°, LT 1 = L l ®T 1 ®b and d° = -d° T \. Then there are 

q G C{LT,a), q° = (s° 0), and h G C{LT,c), h° = (0 g°) , such that the 
composition G o F equals h o q" 1 (in C_/D_). 

Proof. LT is the cone of the composition L — > b — > Cone(t) shifted by [— 1]. 
So, there exist a q G C(LT, L) (q'° = (id L o 0) , q' 1 = (id L i 0) ) whose 
cone belongs to D (hence q becomes invertible in C_/D_), and an h G C_(LT, T) 
(h'° = (0 id T o) , ti 1 = (0 id T i 0)) such that foq' = toh'. So, we obtain 
G o F = g ot~ l o f o s- 1 = (g o ti) o (s o q')- 1 = hoq-\ Thus h° = g° o h'° = 
g° o (0 id T o) = (0 g°) and q° = s° o q'° = s° o (id L o 0) = (s° 0) . □ 
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Now we are able to describe morphisms in A[S l ] a dd as certain 'short 
zig-zags'. 

Proposition 2.1.2. Let a,b E Obj A Then any f E Q_/ D_(a,b) can be 
•presented as the composition g o s _1 o z, where i : a — > a © t is the canonical 
coretraction, g : c — > 6, s : c — > a © £ are some morphisms with c E Obj v4 and 
Cone(s) G D. 

Proof. Note first that by Theorem 11.2.2( 1). / can be presented as the com- 
position x o y~ l } where x E C_(T,b),y E C_(T,a), Cone(y) G -D, for some 

t = t°At 1 ek\a)^ 1 \ 

Now consider the composition g o s _1 o i, where i : a — > T 1 © a is the 

d ' 
,o 



-y 
canonical coretraction, s : T° — >■ T 1 © a, a = x° : T° — >• 6. Note that 

s is invertible in CJD since its cone is isomorphic to the cone of y. Next, 

applying Proposition 12. 1 . ll to the composition (a o s -1 ) o(jo id^ 1 ) we obtain 

that this composition is equal to g^ o s^ where Sh E C(T', a), g^ E C_(T', b), 

s° h = (0 id a ),g° h = (x° 0) and 

d 
, -y° id a j 

Note that Sh = (y° 0) in (7; the equality comes from the homotopy given 



(0 id a ) 
by the morphism T' 1 = T 1 © a — > a. 



ii i) I id^o \ i / iuyi 



Consider g : T — >• T", g° = I 1 , g = I J . Obviously, it is a 

morphism of complexes. Note that Sh ° q — y, 9h ° Q — x. Hence / = 

D 



x ° y x = 9h° q ° q los h 1 = 9 os x ° '*■■ 



Remark 2.1.3. 1. One can express the decomposition coming from Proposi- 
tion [5TTT2] by an explicit formula: for a morphism x o y _1 , where x : T — > b, 
y : T -> a, T G C^ ' 1 ', a, 6, G Obj A, and Cone(y) G Obj D, consider 



(4o) : t ° -+ ti © «> 



za„ 



a = x ° : T° -)■ 6. 
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The equality g o s _1 oi = x o y^ 1 has been shown in the proof of loc. cit. 

2. In order to finish the proof of Theorem II. 2. 2( 3) it remains to verify that 
any s : c — > a © £ such that Cone(s) G -D becomes invertible in the 'minimal' 
category A$ mentioned in the proof. Since this is equivalent to Cone(s) being 
zero in K h {Ao), it suffices to verify: any d G D is isomorphic to the cone of 
some A-morphism that becomes invertible in A . Since A will not change if 
we replace S by the closure of S U id(Obj A) in Mor(A) with respect to the 
direct sum operation, to this end it suffices to apply Proposition 12.1.51 below. 

3. All of the results of this paper are self-dual. In particular, Proposi- 
tion [2J~2] also yields that every / G A[S~ l ] a dd{a,b) can be presented as the 
composition p o s _1 o h, where p is a retraction, Cone(s) G D. 

Now we calculate D. 

Proposition 2.1.4. The objects of D are exactly those complexes that are 
isomorphic to the cones of lower triangular morphism matrices with elements 
of S on the diagonal i.e. it to complexes of the form 



©s/ 1 



Si 







\fln f: 



■In 



...\ 



/l2 Si 



S n J 



©S 



(2) 



for n > 0, si, «2, • • • s n G S, fki G A(S k 1 , S 1 ; ) for all 1 < k < I < n. 

Proof. Obviously, it suffices to prove: if t 1? t 2 are morphisms of the form (T5]), 
Cone(ti) — 7- t — > Cone(t 2 ) — > Cone(ti)[l] is a distinguished triangle, then t is 
isomorphic to the cone of another morphism of the form (F2]). The latter is 
obvious from the definition of cones (and distinguished triangles) in K b (A). 

n 

So, the following statement finishes the proof of Theorem 11.2.2( 3). 

Proposition 2.1.5. Assume that S contains id(Obj A) and is closed under 
the direct sum operation. Then any morphism of the form described in (TJ|) 
becomes invertible in the category AfS 1-1 ]. 

Proof. It suffices to verify that / can be presented as the composition of 
morphisms each of those is either invertible in Mor(^4) or belongs to S. We 
prove the latter statement by induction on n (i.e. on the size of the matrix). 
It is obviously true for n = 1. Suppose, that it is fulfilled for n = k > 1. 
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Now we make the inductive step. We present an / of the form 

't 



for 



n 



k + 1 as a matrix s 



9 



where 



/l2 



e^ 1 












.A 



\fik /: 



2k 



SkJ 



KU S j' 



i=i 



i=i 



9 = (/in, /an, • • • , /fen)- Then / 
Applying the inductive assump 
some m > 0, ej G SUlsom(A). Then 



id. 



s- 1 

1*7 








t 

,° ic W y / id 5 o^ 

Applying the inductive assumption to t we decompose as e± o e 2 o 

'to" 

• ' ' ° ( e m © ^50) is a composition of the type desired (note that S U Isom(A) 
is closed under the operation — @ idso). Now, the second matrix is invertible 

id^fc c-i . 

is its inverse; the third morphism belongs to 



(ei0id 5 o)o(e2 0id 5 o; 



in A since 
S itself. 



-9 



id 5 o 



u 



Remark 2.1.6. This result yields a way to relate the morphism s mentioned 
in Proposition 12.1.21 with S very explicitly. Indeed, we can assume that the 
complex T mentioned in the proof of loc. cit. is an extension in C b (A) 
(i.e. we do not identify homotopy equivalent morphisms of complexes!) of 
Cone(y)[— 1] by a, whereas Cone(y) is a morphism as in (T5]). This gives 
us an explicit description of invertible morphisms that are needed for the 
decompositions in Proposition 12.1.21 

Hence Proposition 12.1.71 can be translated into certain explicit (though 
clumsy) matrix formulas that only mention A and S. 

Now we describe the composition of morphisms in AfS 1 " 1 ]^^ their ad- 
dition, and their equality in terms of A and D. Recall here that all mor- 
phisms whose cones belong to D become invertible in A[5' _1 ] a dd (see Remark 
12.1.3( 2)); one can also describe all Sj in the formulas below using Remark 

By Proposition 12.1.21 an y ^[5 _1 ]a<i<rHiorphism can be presented as the 
composition g o s~ l o i. Now we compute the basic categorical operations for 
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morphisms presented in this form (so, one may say that we describe A[S ^ a dd 
'in terms of generators and relations'). 

Proposition 2.1.7. Let a 1 ,6 1 ,a 2 ,6 2 G Obj A = Obj A[S~ l ] a( id- Present the 
morphisms fj G C/D(a,j,bj) as fj = g^ o sj 1 o ij (for j = 1,2,). Here 
bj,Cj,dj G Obj A, Qj G A(dj,bj), Sj G A(d,-,Cj) ; Cone(sj) G -D, ij G A(a^-, Cj) 
(we do not require ij to be coretractions). Then the following statements are 
fulfilled. 

Ifi@h= (9i © 92) ° («1 © S 2 ) _1 o (z x © i 2 ) . 

II Assume that a\ = b 2 . 27ien f\of 2 = (0 #2) ° I • o 

1/7 Lei Oi = a 2 = a, bi =b 2 = b. Then the following results are valid. 

1. h + h = (91 92) o (si © s 2 y l o M 

#. Denote the morphism I . ] G C_(a © <ii © <i 2 , ci © C2) 6 2/ r - 

\^2 U s 2 y 

T/ien /1 = f 2 whenever there exist z,z',ti,t 2 G Obj A, k\ G A(z,ti), 

k 2 G A(* 2 , z'), pe A(z, t 2 ),g G A(ti, 2/), aj G A(ci © c 2 , z'), a? G A(a © d ± © 

c?2, ^i © £2)5 «2 G A(ti © t 2 , b), and I G A(c\ © c 2 , 6) such that: Cone(/cj) G £>, 

° 2 Sofa fMVf(° ^ -^ +/or ° N 



Proof. I Immediate from the functoriality of the direct sum operation (note 

that the direct sum of invertible morphisms is invertible). 

II By Lemma l2.1.1t g x o s\ x o {i x og 2 ) o s 2 l = xoy -1 , for x G C(T, b 2 ), y G 

(i 2 o g 1 s 2 ) 
C(T, ci) such that y° = ( Sl 0) , x° = (0 g 2 ) , and T = d x © d 2 v -)- y 

c 2 G (7' ' 1 '. By Remark 12.1.3( 1). x o y~ l —go s _1 o z, where 

fid c , \ 
% = [ J : Cl ~* Cl ®° 2 ' 

s = . : di © d 2 ->■ ci © c 2 , 

V2 ° g-i s 2 y 

# = (0 2 ) : rfi © d 2 -)- 6 2 . 

So, fio f 2 = g 1 o s" 1 o (ij og 2 )os 2 " 1 oj 2 = gos" 1 ojoj 1 =5o (-idd a © 
idda) o (-id rfl © z<Lj 2 ) _1 os^'oio i x . 

Writing above explicitly: f\of 2 = g o (—idd 1 ®idd 2 )o(so(—id dl @id d2 ))~ l o 
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nil. fa + fa = {id b id b ) o h © fa o M^ 

transform this into (idb idb) ° 9i © 92 ° (si i 



Applying assertion I, we 
id n 



s 2 ) * o z x 



2 2 ° 



id. 



(gi 92) o (si © s 2 ) x ° ( J 1 



2. By the previous assertion, fa — fa = \Q\ —92) ° (si © s 2 } 



-1 



Let 



H 



T = a@d l ®d 2 



i\ s\ 

i 2 s 2 



-> 



C\ © c 2 , 



x = (0 ^ -g 2 ) G £(T,6), j/ = (id a 0) . By Lemma [fflj fa ~ fa 
equals x o y~ l . Applying Theorem 11.2.2( 1) we obtain that x o y^ 1 = 
whenever x factorizes through some T' G Obj C_ that can be presented as 
a cone of a C-morphism between two elements of D[— 1]. Hence fa = fa 
whenever there exist z,z',ti,t 2 G Obj A, k\ G A(z,ti), k 2 G A(t 2 ,z'), p G 

A(z,t 2 ),g G A(ti,z') such that: Cone(/Cj) £ D, (j fe) o J = 0, and 



h 

Z — >• t\ 



(9 h 



V = z ^' ti © t 2 ' -> ' 2' 

It remains to rewrite these conditions in a more explicit form. We choose 
some factorization of x through X" in C: T -4- T" — $■ &. We put these 
morphisms into a diagram whose rows are T, T", b, respectively: 



fix si 

V2 s 2y 
a © di © rf 2 >■ ci 



ti©t 2 

«2 



The diagram yields (g k 2 ) o q^ 



c 2 



^2 



ii si 

a l° [ ■ n 

\«2 S 2 



and a 2 



(3) 



0. 



The equality ai o a 2 = x G C means that for their difference in C b (A) 
there exists a cochain homotopy. We denote the only possible non-zero com- 
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ponent of the latter by I (note that b € C' ' ^); so we have I o ( . n , I + 



(0 g\ -g 2 ) =a 2 o a\. 

Summarizing all the assumptions made and writing the equalities in the 
matrix form we obtain the result. 

□ 

2.2 The comparison of our results with the theory of 
Cohn's localizations 

We recall the setting of the 'classical' theory of non-commutative localizations 
of rings (see |Coh85] ). The authors apologize for not being able to mention 
all significant contributions to this vast subject. 

One considers a set M of matrices over an (associative unitial) ring R 
and looks for an initial object in the category of ring homomorphisms R — y 
R' such that all elements of M become invertible over R'. More generally, 
instead of matrices one can consider morphisms P, — y Qi of finitely generated 
projective i?-modules and tensor them by R' (see [Sch85j). 

Denote by A the category of finitely generated free (resp. projective) left 
modules over R. It is easily seen that the problem of finding the ring R' is 
'equivalent' to the calculation of Af*? -1 ]^. Indeed, denote R considered as 
a module over itself by 1Z\ then any object of A is isomorphic to the direct 
sum of a finite number of copies of 1Z (resp. to a retract of such a direct 
sum). It follows that the image of 1Z in AfS 1-1 ],^ also is a 'generator' i.e. 
that the objects of -A[5'~ 1 ] oc j c j are exactly the direct sums of (a finite number 
of) copies of 1Z (resp. are some retracts of such direct sums). Hence the 
'universal' localization R' of R as mentioned above is naturally isomorphic 
to End A[5 -i Ud U. 

Now, for any additive A one can consider the rings Ri = EndA(© ae/ a) 
where I runs through all finite subsets of Obj A. If A is Karoubian, this yields 
its presentation as the projective limit of the categories of finitely generated 
projective modules over Rj. So, it is no surprise that our 'explicit' description 
of A[S ,-1 ] a ,ta is closely related with the description of the universal localization 
of R given in |Ger82] and |Mal82] . Moreover, they can probably be deduced 
from the results of ibid, and |Sch85j (via passing to the limit) in the case of 
a Karoubian A; the extension to the case of a non-Karoubian category could 
be more difficult. Note also that (to the knowledge of the authors) our paper 
is the first one in which 'additive localizations' are compared with 'abstract' 
ones. 

Another advantage of our methods is that we define AfS* -1 ],^ as a full 
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subcategory of K b (A)/D_. So, we do not have to verify that our presenta- 
tion of morphisms and the relations on them (see Proposition I2.1.7P does 
yield an additive category indeed (in contrast with the arguments of [Ger82] 
and [Mal82j). Also, the consideration of K b (A)/D_ explain the origin of the 
relations obtained (their analogues in the papers cited look quite ad hoc). 
In particular, the multiplicativity condition for M in [Mal82j corresponds to 
the extension-closedness of our D (cf. (j2])). Besides, one can easily note 
that Theorem 11.2.21 yields a mighty tool for computations in AfS 1-1 ^^ (we 
thoroughly demonstrated this in the previous paragraph). 

We will relate our methods and results with the 'alternative triangulated 
approach to additive localizations' of |NeR04] and |Dwy06| in §3.31 below. 
Here we only note that non-commutative localizations seem to be really nicely 
related with weight structures (that we will treat in the next section). Cer- 
tainly, one of the reasons to say this is Theorem 13.2.11 below. We would 
also like to say that though Proposition 11.1.31 (that is crucial for this paper) 
was not formulated in the terms of weight structures, it is certainly closely 
related with them. In particular, part 1 of the Proposition is a modification 
of the axiom I3~.l.l( liv). whereas the formulations of parts 2-4 are motivated 
by Remark ITCT l). 

3 On weight structures in localizations 

We start this section by recalling the definition and basic properties of weight 
structures. They enable us to generalize the results of the previous sections 
and prove for S C Mor ifw : C/D is endowed with a weight structure whose 
heart is the Karoubization of Hw [S~ l ]„Ad in C_/D_. Next we recall the notion 
of adjacent structures; we prove (in the case of a certain compactly generated 
VcC_) that C_/V possesses a t-structure adjacent to wg_/v and calculate its 
heart. 

3.1 A reminder on weight structures 

Definition 3.1.1. I A pair of subclasses C_ w<0 , C_ w>0 C ObjC will be said 
to define a weight structure w for a triangulated category C_ if they satisfy 
the following conditions: 

(i) Q.w>oi Q-w<o are Karoubi-closed in C_ (i.e. contain all (7-retracts of their 
objects). 

(ii) Semi-invariance with respect to translations. 

(iii) Orthogonality. 
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(iv) Weight decompositions. 

For any M G Obj C_ there exists a distinguished triangle 

X -> M -► y->x[i] (4) 

such that X G <2™<o> F G C^> [1]- 

II The category ffw C C whose objects are C_ w=0 = C_ w>0 fl C tl)<0 , 
Hw (Z, T) = C_(Z, T) for Z,T £ C_ w=0 , will be called the /iearf of w. 

HI C w >i (resp. C^< i; resp. C w=i ) will denote C w > [i] (resp. C w < [i], 
resp. C^ofi]). 

IV We denote C_ w>i D (2 W<J - by Qua (so it equals {0} for i > j). 

V We will say that (C,w) is bounded if Uj G z£Z«kj = Obj C = U ie z£7 U)>i . 

VI Let C_ and C' will be triangulated categories endowed with weight 
structures w and w', respectively; let F : C_ — \ (? be an exact functor. 

F will be called left weight-exact (with respect to w,w') if it maps C_ w<0 
into C^ w , <0 ; it will be called right weight-exact if it maps C_ w>0 into C^ w , >0 . F 
is called weight- exact if it is both left and right weight-exact. 

VII Let H be a full subcategory of a triangulated C_. 

We will say that H is negative if Obj H _L (Uj>o Obj (if [i])). 

VIII The small envelope of an additive category A is the category A' C 
Kar(v4) whose objects are (X,p) for V G Obj A and p G A(X, X) such that 
p 2 = p and there exist V G Obj A and g G A(X, Y), s G A(Y, X) satisfying 
sg = 1 — p, qs = idy. Certainly, A'-morphism groups are given by the 
standard formula for Kar(A): 

A'((X,p), (X',p')) = {/ e A(X, *0 : p'/ = /p = /}. (5) 

Remark 3.1.2. 1. A simple (and yet very useful for us) example of a weight 
structure comes from the stupid filtration on K b (A) (or for K(A)) for an 
arbitrary additive A. In this case K b (A) w < (resp. X b (74)^> ) will be the 
class of complexes that are homotopy equivalent to complexes concentrated 
in degrees > (resp. < 0). The heart of this weight structure is the Karoubi- 
closure of A in K b (A). Note that we have K h {A)^~^ C K b (A) {iJ] for any 
i, j G Z; we have an equality if A is Karoubian, but in general X 6 (j4)[ 0) o] is the 
small envelope of A (so it is not necessarily equivalent to A; cf. Proposition 

EX3ED). 

3. A weight decomposition (of any M G Obj C_) is (almost) never canon- 
ical. 

4. In the current paper we use the 'homological convention' for weight 
structures; it was previously used in [Hebll] , |Wil 09). and |Bonl2] . whereas 
in [Bonl Oaj and in |Bonl0b] the 'cohomological convention' was used. In 
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the latter convention the roles of C_ w<0 and C_ w>0 are interchanged i.e. one 
considers C w -° = C w > and C w -° =~C W < . So~ a complex X G Obj K{A) 
whose only non-zero term is the fifth one (i.e. X 5 ^ 0) has weight —5 in the 
homological convention, and has weight 5 in the cohomological convention. 
Thus the conventions differ by 'signs of weights'; K(A)uj\ is the class of 
retracts of complexes concentrated in degrees [— j, —i]. 

5. The orthogonality axiom in Definition 13. 1 . 1( 1) immediately yields that 
Hw is negative in C. We will recall a certain converse statement below. 

Now we recall those properties of weight structures that will be needed 
below (and that can be easily formulated). We will not mention more com- 
plicated matters (weight spectral sequences and weight complexes) here. 

Proposition 3.1.3. Let C_ be a triangulated category; we will assume it to 
be endowed with a weight structure w everywhere except assertions^ and\^ 

1. (CijCz) (C±,C2 C Oh]C_) define a weight structure for C_ whenever 
(C% P ,C'^ P ) define a weight structure forC_ op . 

%■ £L w <o> Cl w >0' an d Q-w=o are extension- stable. 

3. For any weight decomposition of M G C_ w>0 (see ^)) we have X G 

4- w restricts to a bounded weight structure on C_ ; the heart of this weight 
structure equals Hw . 

5. If w is bounded, then C_ is generated by C_ w=0 (as a triangulated cate- 
gory). 

6- C_i -n consists exactly of cones of morphisms in Hw . 

7. Let H C Obj C_ be negative, additive, and generate C_. Then there exists 
a unique weight structure w forC_ such that H C C_ W=Q . It is bounded; 
its heart is equivalent to the small envelope of H. 

Moreover, C_ w<0 is the smallest Karoubi- closed extension- stable subclass 
of 'Obj C_ containing U.;<o Obj H[i\; C_ w>0 is the smallest Karoubi- closed 
extension- stable subclass of Oh] C_ containing Uj>o Obj H[i\. 

8. Let C_ be endowed with a bounded weight structure w. Then there exists 
a unique weight structure w' for the Karoubization C? of C_ such that 
the embedding (7 — > C' is weight-exact. It is bounded; its heart is the 
Karoubization of Hw . 
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9. A certain additive weak weight complex functor t : C_ — > K m ( Hw ) is 
defined, where K m { Hw ) is a certain weak homotopy category of com- 
plexes, t and K n (—) satisfy the following properties. 

(i) For any additive A we have: there is a natural conservative ad- 
ditive functor p(A) : K(A) — > K n (A) that is bijective on objects and 
surjective on morphisms. p commutes with [i] for any i G Z; we have 
K(A)(X,Y) = K w (A)(p(X),p(Y)) for any X e K(A)^°, Y e K(A)*°. 

(ii) There also exists a certain bounded analogue K^ v {—) C K w (—). 
If w is bounded then t is conservative and can be factorized through 
K b w (Hw). 

(Hi) If X[— 1] — t- Y — > Z — y X is a distinguished triangle in C_ then 
there exists a lift oft(f) to at'(f) E K(A)(t(Y),t{Z)) such thatt(X) = 
Cone(tf(/)). 

(iv) Let S = {S^ 1 4 Sf, i e 1} C MotHw, B C C [oa] is the set 
of cones of elements of S (see assertion^), D is the extension- do sure 
of F . Then D C C\ 1 i; t(D) consists of cones of morphisms given by 
lower triangular matrices with elements of S on the diagonal; see (0|). 

10. Let w be bounded; let w' be a weight structure for a triangulated (7'. 
Then an exact functor F : C_ — >■ C' is weight-exact whenever F(C_ W=0 ) C 

Ll w '=o- 

Proof. All of these statements except two last ones were essentially proved in 
|BonlOa] (pay attention to Remark 13.1.2( 4)!); see Remark 1.1.2(1), Propo- 
sition 1.3.3(3,6), Proposition 1.3.6(2), Corollary 1.5.7, Proposition 1.5.6(2), 
Theorem 4.3.2(11), and Proposition 5.2.2 of ibid., respectively. 

Part (i) of assertion |9] is immediate from the definition of K w (— ) (this is 
Definition 3.1.6 of ibid.). Part (ii) follows from Theorem 3. 3. 1(1, V) of ibid. 
Part (iii) of assertion [9] is also an easy consequence of the weak exactness of 
t (see loc. cit.); it implies part (iv) immediately (cf. Proposition 12. 1 ,4|) . 

Lastly, assertion [TU] is an easy consequence of assertion [7J 

□ 

3.2 The relation of weight structures with 'additive lo- 
calizations' 

Now we prove the main result of this section. 

Theorem 3.2.1. Let w be a weight structure for C_, B C Cjoip adopt the 
notation of Proposition \1.1.3[ Then the following statements are valid. 
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1. The Karoubi- closures of the sets {C_ W<0 ,C_ W>0 ) in C_/D_ yield a weight 
structure Wq/d for C_/D_ (such that the localization functor is weight- exact). 

2. Hw_c/d i s the Karoubization in C_/D_ of the full subcategory H of C_jD_ 
whose objects are C_ w=0 . 

3. If w is bounded, then Wq/d a ^ so is; its heart is the small envelope of 
H. 

4- Let S denote some set of Hw -morphisms such that B consists exactly 
of cones of elements of S (see Proposition \3. 1 . <M ty). Then H is canonically 
isomorphic to Hw [S~ l ] n dd- 

Proof. 1. We should verify that the Karoubi-closures of (C_ w>0 , C_ w<0 ) satisfy 
all the axioms of weight structures. 

They are obviously semi-invariant with respect to translations. The 
orthogonality axiom follows from Proposition 11.1.3( 4) easily (cf. Remark 
11.1.4( 1)); it suffices to note that C W<0 -LC W>1 D -£>>i, and -B<_i C Q_ <Q 1.C_ W>1 
(in C_; by Definition 13.1. 1 ( Iiii) ) . Lastly, any object of C_jD_ possesses a weight 
decomposition that comes from C_. 

2- C w=0 C (C/D) Wa/R=0 by the definition of Wqjd- 

Now we prove that any object of {C_/D_) Wc/D= o is a retract of an object 
of C_ w =o (i n Q./D)- Actually, this fact is valid for any weight-exact functor 
that is surjective on objects. 

We repeat an argument used in §8.1 of |BonlOa] . Let Z G C_/D_ w =0 C 
ObjC\ Shifting a weight decomposition of Z[l] in C_ by [—1] we obtain a 
distinguished triangle T — > Z — > U with T G C_ w< _ 1 , U G C_ w>0 . In C/D we 
have T G C_j ' D_ w < _ 1 ; hence T _L Z and we obtain that U —c/d Z Q)T[1]. 
Therefore, in C_/D_ the object Z is a retract of U, whereas U G C_jD_ w =0 fl 

Now applying the dual argument to U (see Proposition 13. 1 .3T1 TJ) ) . we ob- 
tain that U in C_/D_ is a retract of some W G Obj C_ w=0 (here W — > U — > Y 
is a weight decomposition in C_; we apply part [3] of loc. cit.). 

3. Since the localization functor is weight-exact, wq/d is bounded. Next, 
we have H C Hw \ hence H is negative (see Remark 13.1.2( 5)). Proposition 
I3.1.3[l 2"j) yields that Wq/d is the weight structure corresponding to H via 
assertion [7] of loc. cit. Hence the assertion mentioned yields the result. 

4. We follow the scheme of the proof of Theorem 11.2.2( 3). First we prove 
that any additive functor F : Hw — > A that converts all elements of 5* into 
invertible morphisms factorizes through the functor u : Hw — > H (actually, it 
suffices to verify this for F being the localization functor Hw — > Hw[S~ l ] a dd)- 

We consider the composition G = K w (F)ot : C_ — > K m { Hw [S 1-1 ],^) . Ob- 
viously, it suffices to verify that G factorizes through the localization functor 
C — > C_/D_. By the universal property of 'abstract' localizations, it suffices 
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to verify for any distinguished triangle X — > Y — > Z — y X[l] that G(f) is 
an isomorphism if X G Obj(-B). By Proposition I3.1.3ll97 iii)) to this end it 
suffices to verify that G(X) = for such an X. Since G is additive, it suffices 
to verify that it kills all objects of D_. Applying loc. cit. again (repeatedly) 
we reduce this to the fact that it kills all objects of B. The latter is obvious 
since all objects of B die in K{Hw\S~ 1 ] a dd)i whereas morphism groups in 
K(Hw_\S~ l ] add ) surject onto those in KjHwlS'^add)- 

By Theorem ll .2.2( 3). there exists a unique additive functor R : -ffw fff"" 1 ],,^ 
H compatible with u that is bijective on objects. Since there also is a functor 
in the inverse direction (as we have just proved), R is injective on morphisms. 

As is the proof of loc. cit., it remains to verify that there are no 're- 
dundant' morphisms in H. Hence we should extend Remark 12. 1.3( 2) to this 
setting. To this end it suffices to note: Proposition 13. 1 .3119] ) allows to reduce 
this extended version of the remark to the setting considered in §2.11 (for 
A = Hw). 

D 

Remark 3.2.2. 1. Strictly speaking, our Theorem as stated is not a general- 
ization of Theorem 11.2.2( 3). since A is not necessarily equivalent to the heart 
of the 'stupid' weight structure (for K b (A) or K(A); see Proposition 13.1. 31T 7J) . 
So, we generalize Theorem 13.2.11( 4) to the following statement (we use the 
notation of loc. cit). 

2. For an additive A C Hw assume that S C Mor(v4) and Hw = Kar^ A. 
Then there exists a unique weight structure Wq/d fc> r C_/D_ such that the 
localization functor is weight-exact and yields an isomorphism of ^4[5 ,_1 ]add 
with the full subcategory H' C Hw_c/d '■ Obj H' = A. 

Indeed, it suffices to note: the universality properties of the additive 
localization construction (given Theorem 11.2.2( 3)) and of the Karoubiza- 
tion one yield a canonical sequence of functors Af,!? -1 ],^ — > Hw lS'^ndd ~^- 
Kar(A[S' _1 ] add ) ->• KaxtHwlS^add)- Hence AfS 1 " 1 ]^ is a full subcategory 
of Hw{S~ l ] ad d- 

3. For C_ possessing a differential graded enhancement ('compatible with 
w y ) one can verify the existence of Wq_/d 'explicitly'; cf. §8.2 of [Bon09j. Yet 
it seems hard to compute Hw c , D via calculations of this sort. 

4. Our theorem extends the results of §8.1 of |BonlOaj where the case 
B C C_ w=0 was considered. 

Note that our setting reduces to this one if all the elements of S are 
retractions. 
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3.3 The relation with adjacent ^-structures 

Now we discuss certain 'triangulated' methods used in |Dwy06| and in |NeRQ4] 
for the study of non-commutative localizations. These papers mostly treat 
the setting of finitely generated projective modules over a ring R (though 
in §4 of |Dwy06| also arbitrary small additive categories were considered; 



see Remark 13.3.41 below). In this setting the non-commutative localization 
ring .RfS 1-1 ] was presented as the endomorphism ring of TZ (this is the im- 
age of R considered as an R- module) in a certain localization £_ of D(R). 
One of important tools for the papers cited is the fact that the canonical 
^-structure for D(R) yields a ^-structure for £_ (via the embedding functor 
G : £_ — > D(R) defined as in Theorem 13.3.31 below); see Proposition 3.4 of 
|Dwy06| and Lemma 6.3 of |NeR04j . 

Now we relate our approach for constructing additive localizations with 
the ones of the papers cited. The first trivial remark is: for H being the 
category of finitely generated projective i?-modules we certainly have an 
embedding K b (H) — > D(R). An obvious advantage of our methods is that 
K b (H) is 'much smaller', whereas Theorem ll.2.2l makes explicit computations 
in K b (H)/D_ quite easy. Note in contrast that no attempt was made in 
|Dwy 06| and |NeR04] to 'calculate -RfS 1-1 ] explicitly' (i.e. to reprove the 
results of |Ger82] and [Mal82j). Besides, to the belief of the authors, it is 
easier to deal with the functor K b (F) for an additive F : H — >■ A than with 
functors of the type — Cg)^ R' for a ring homomorphism R — > R' . 

Now we try to explain the relation of our 'weight structure' approach with 
the 't-structure one'. Our reasoning yields certain t-structure results for a 
wide class of triangulated categories (and their localizations). 

The relation between weight and ^-structures that is relevant for us (in 
this paper) is the notion of adjacent structures. Some basic definitions of 
this theory can be found in §4.1 of |BonlOcj . whereas several more results are 
stated and proved in §§4.4-4.5 of |BonlOa] (yet pay attention to Remark l3.1.2l 
above!). The idea is to axiomatize (and generalize) the 'duality' between the 
category A of projective i?-modules and the category A of all i?-modules. The 
'triangulated avatar' of this duality is the fact that any object of D{R) t -° has 
a projective (hyper)resolution (t is the canonical t-structure for C_ = D~(R))\ 
so C_ l -° = C_ w>0 , where w is the 'stupid' weight structure coming from the 
isomorphism C_ = K~(A). Note however: in this example we have Hw C Ht; 
yet we do not have such an inclusion for a general pair of adjacent w, t. 

First we recall some well-known definitions. For simplicity, till the end 
of the paragraph we will assume that C_ is closed under arbitrary small co- 
products (though for our purposes it is also possible to consider coproducts 
for sets of objects of limited cardinality only; cf. Theorem 4.3.2(III(i)) of 
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ibid.) everywhere expect assertions I and II of Proposition 13.3/il In such a 
situation an X G Obj C is called compact if the functor C_(X, — ) commutes 
with all coproducts. 

For a B C Obj C_ we will say that B weakly generates C_ if (Ui^zB[i}) ± = 

For a small additive A we denote by AddFun(A, Ab) the category of ad- 
ditive functors from A to the category of abelian groups. 

We will say that a t-structure t (for C_) is non-degenerate if fl ne z£i 4 -™ = 
n„, eZ C: 4 -" = {0}. Ht is the heart of t. 

Definition 3.3.1. We say that a weight structure w for C_ is (left) adjacent 
to a t-structure £ for it if C_ w>0 = C*-°. 

We will also need the following properties of adjacent structures and com- 
pactly generated categories. 

Proposition 3.3.2. I Let C_ be endowed with a weight structure w and also 
with an adjacent t-structure t (we do not assume that all small coproducts 
exist in C_ in this assertion). 

1. LetC be small. Then the functor C (Hw , -) : Ht-> AddFun(#w op , Ab) 
that sends N G C t=0 to M ^ C(M, N) (M G C w=0 ), is an exact embedding 
of Ht into the abelian category AddFunf if w op , Ab) . 

2. Let t be non- degenerate. Then C 1 - = {M G Obj C : C w=i 1MV«< 
0}; C^° = {M G Obj C : C w=i IMVoO}. 

// Moreover, let a triangulated category E_ be endowed with a weight struc- 
ture Ws_ and also with its adjacent t-structure fe. Let tc : C_ — >■ £_ be an exact 
functor. Then the following statements are valid. 

1. ix is right weight-exact whenever it is right t-exact (i.e. if ' ix(Cf- G ) C 

2. Let G : £_ — >■ C_ be the right adjoint to i\ . Then i\ is right (resp. left) 
weight-exact with respect to w anduis_ whenever G is left (resp. right) t-exact 
with respect to ts_ and t. 

Ill Let C! be a full triangulated subcategory of C_ whose objects are com- 
pact; let B C Obj (y_ be a (proper) set (i.e. it is small); let H C C' be a small 
additive category such that Obj H weakly generates C_. Then the following 
statements are valid. 

1. Denote by T>_ the smallest triangulated subcategory of C_ that contains 
B and is closed with respect to all small coproducts. Then V is Karoubian 
and is weakly generated by B. 

2. The Verdier localization category £_ = C/T) exists. The localization 
functor 7r : C_ — > £_ commutes with all coproducts, converts compact objects 



26 



into compact ones, and possesses a right adjoint G that is a full embedding 
functor. Besides, £_ is weakly generated by vr(Obj H); it is Karoubian. 

3. 7i induces a full embedding of E_ = Q[ / {B) c i into £_. 

4- Assume moreover that H is negative (see Definition \3 . 1 . 1V VII) ) . Then 
C_ possesses a weight structure w whose heart is equivalent to the Karoubiza- 
tion of the category of all coproducts of objects of H , and also a non- degenerate 
adjacent t- structure t. Besides, Hw is the Karoubization of the category of all 
('formal' small) coproducts of objects of H, whereas lit = AddFun(iJ op , Ab) 
(via the functor N H> (h € Obj H H> C(h, N))). 

Proof. I Assertion 1 is exactly part 4 of Theorem 4.4.2 of |BonlOa| ; it easily 
implies assertion 2 (which one can reduce to the case of a small C_). 

III. Immediate from the definition of adjacent structures. 

2. See Remark 4.4.6 of ibid. 

Ill 1-3: These statements easily follow from the results of |Nee01] (see 
Corollary 3.2.11, Theorem 8.4.4, and Proposition 9.1.19 on Bousfield local- 
izations); see also Corollary 3.7 of |NeRQ4] . Theorem A of |Kra01| (and its 
proof) relates Neeman's definition of generators with ours of weak generators. 

4. Immediate from Theorem 4.5.2 of |BonlOa] . 

□ 

One may say that part 112 of this Proposition settles the difficulties caused 
by the fact that the (left) adjoint to a t-exact functor is usually not t-exact. 
Now we formulate the main result of this paragraph. 

Theorem 3.3.3. Let C, C, B, H, V, £, it, G, E be as in Proposition UTTTW lII) 

(and satisfy all the conditions mentioned in this assertion). Assume moreover 
that B consists of cones of a set S C Mor H , and that H generates C_'. Then 
the following statements are fulfilled. 

1. £_ possesses a weight structure ws_ and also a non- degenerate adjacent 
t-structure ts_. 

2. HlS^^add is a full additive subcategory of Hw £ (via ix); Hw e is equiv- 
alent to the Karoubization of the category of all small coproducts of objects 
ofH[S~ l } add . 

3. W£_ restricts to a weight structure for E_ C £_. 
4- G is t- exact; tt is weight-exact. 

5. Ht e is equivalent to AddFun(i7[S' _1 ]°^ d , Ab). It is a full exact abelian 
subcategory of lit (via G); a functor I belongs to G(Ht e ) whenever I(s) is 
bijective for any s G S . 

Proof. Remark 13.2.2( 2) yields that the full subcategory of E_ whose objects 
are those of H is isomorphic to H[S~ l } a( id (this is the first part of our assertion 
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2), and is negative in E_ C £_. Hence Proposition 13.3.2( 111) yields that £_ 
satisfies the conditions of Proposition I3.3.2T IH4) with H[S~ l ] a dd instead of 
H . Thus our assertion 1, the rest of assertion 2, and the first part of assertion 
5 follow from loc.cit. 

Now, Remark 13.2.2( 2) also yields the existence of a weight structure for 
E whose heart is Kar^i/fS^ 1 ],^); it is compatible with wg by Proposition 
I3.1.3HTTUJ) . Thus we proved assertion 3. 

Next, since ir commutes with all coproducts, we obtain that ir(C_ w=0 ) C 
S_ W£=0 . Hence Proposition 13.3.21( 12) yields the ^-exactness of G. Applying 
part 112 of loc. cit. we also obtain that i\ is weight-exact; this finishes the 
proof of assertion 4. 

The second part of assertion 5 is given by the ^-exactness of G. In order to 
verify its last part it suffices to note that an / 6 AddFun(iJ op , Ab) factorizes 
through H[S~ l ]add whenever it converts all s G S into bijections. 

□ 

Now we make some more remarks on the relations of our results with 
those of |Dwy06| and |NeR04j . 

Remark 3.3.4. 1. It is easy to construct a C_ for any small H . To this end, fol- 
lowing §4 of |Dwy06| one can consider the derived category of AddFun(if op , Ab). 
Note that we have Hw C Ht for this category (yet we don't have an inclusion 
of Hw £ into Ht e for a general S since n is not t-exact). 

In most of loc. cit. and in |NeR04] H was the category of finitely gener- 
ated projective modules over R; so C_ was equal to D(R). 

2. In this partial case in the papers mentioned (essentially) the ^-exactness 
of our functor G was established (certainly, it yielded the right ^-exactness 
of Git). In particular, it was verified (see Proposition 3.2 of |Dwy06| ) that 
C(K,GTr(n)) = C(K,H%(Gn(K))) (see the notation of §22]) is isomorphic 
to -RfS 1-1 ]. Certainly, this statement also follows from our calculation of Hw e 
(since RIS- 1 ] = End^ft). 

The usage of t-structures explains why 'big' triangulated categories were 
needed in |Dwy06| and |NeR04j : cf. Remark 4.3.4(4) of jBonlOaj . Note in 



contrast that the weight-exactness of n holds for its restriction to a 'much 
smaller' Q[ (such a category was very important for the i^-theory compu- 
tations of |NeR04] ). Besides, the 'duality' between weight and t-structures 
allows us to study the properties of n (that is not left t-exact in general). 

3. Certainly, any object of H yields the obvious exact functor AddFun(ff op , Ab) — > 
Ab. Set-theoretic difficulties prevent us from saying that H op embeds into the 
category of exact functors from Ht to Ab (and the same is true for H[S~ 1 ] c ^' dd 
and Ht e ). Yet one can still choose a (large enough) small abelian (exact) 
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subcategory A C Ht such that H op embeds into the category of exact func- 
tors A —¥ Ah. So, we obtain certain 'Yoneda-like' descriptions of H and 
HlS^^add- Note also that the restriction of ir to H can be described via 
the restriction of the exact functors A^tAb mentioned to the subcategory 

AnG(i^). 

One can also avoid set-theoretic difficulties by finding some 'small substi- 
tute' for C; cf. Definition 4.7 of |NeR04 . 



4. For C_ possessing a differential graded enhancement (see Definition 
6.1.2(3) of [BonlOa] : this includes all possible triangulated categories whose 
objects are complexes) and any w the weak weight complex functor (see 
Proposition 13.1.3119] )) can be lifted to an exact functor t st : C_ — > K( Hw ) 
(see §6.3 of |BonlOa] in the case when w is bounded). So, the localization 
homomorphism R — > ^[S 1-1 ] is stably flat (see Theorem 0.7 of |NeR04| and 
Proposition 3.3 of |Dwy06j) whenever t s Jj is fully faithful. 

5. One can also prove the existence of Ws_ and the weight-exactness of n 
more directly via an 'unbounded' generalization of Proposition 11.1.31 

4 On birational motives and weights for them 

We prove that our results yield an 'elementary' proof of the existence of cer- 
tain weight structures for various triangulated categories of birational motives 
(defined via the method of [KaS02j). 

4.1 The definition of birational motives 

Now we define certain categories of birational motives over a base U. We 
generalize the method described in [KaS02j to a somewhat more general 
context. 

For a scheme U one considers a certain additive category Cor(U). Two 
possible versions of Cor(U) were described in §10.4 of |CiD09j (there U was 
assumed to be excellent finite-dimensional separated). We do not need a pre- 
cise definition of Cor(U) in this paper (so, we will not specify which version 
of it we consider) ; in particular, one can choose arbitrary (commutative uni- 
tial) 'coefficient rings' when defining Cor(U). We will only require Cor(U) to 
satisfy the following properties: its objects are certain [/-schemes (with the 
disjoint union operation corresponding to the direct sum in Cor(U)); for any 
X/U such that X G Obj Cor(U) and any smooth finite type / : Y — > X we 
have: Y G Obj Cor(U) and / G Cor(U)(Y,X) (we will make no distinction 
in notation between schemes and their morphisms and the corresponding ob- 
jects and morphisms in various 'motivic' categories that we consider in this 
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section). 

Next (see §11.1.9 of ibid.) one considers K b (Cor(U)) and localizes it 
by the triangulated subcategory generated by two types of complexes: the 
complex A 1 x X — y X for any X G Obj Cor(U) (we will denote the set of 

these complexes by Bhi) and by complexes of the form If -> F0l / 4 
X (we will denote the set of these complexes by Bmv) for any elementary 
(Nisnevich) distinguished square 

W — k —+ Y 



V — *->■ X 

of objects of Cor(U) (this is a certain Cartesian square; j, k are open dense 
embeddings). One defines DM^(U) as the Karoubization of the triangu- 
lated category obtained. 

Now (following Definition 5.1 of [KaS02]) we define DM° m (U) as the 
Karoubization of the localization DMg^(U) by the subcategory generated 

by (images in DM^ (U) of) complexes of the form U — y X for all open 
dense embeddings j of objects of Cor(U). We will denote the set of these 
complexes by B bir . 

4.2 A weight structure for DM° m (U) 

We make the following simple observation: by definition, Bmv C (Bbir)- 
Hence DM°(U) is (isomorphic to) the Karoubization of the localization 
of K b (Cor(U)) by (B^r U Bhi). Hence we can apply all the results of the 
previous sections to this setting! We denote the heart of the corresponding 
weight structure wur for DM°(U) by Chow°(U). So, it consists of retracts of 
{X : X G Obj Cor(U)} in DM°(U), and is isomorphic to the Karoubization 
of Cor{U)[(Sur U Shi)~ X \oM f° r the corresponding Sut,Shi (see Theorem 
11.2.2)) . Hence it is also isomorphic to the Karoubization of Cor(U)[S'~ l ] 
where S' is the closure of Su r U Shi U id(Obj Cor(U)) with respect to the 
direct sum operation (see Remark 11.2.4( 1)) . 

Now we describe a certain method for computing DM°(U) and Chow°(U). 
The authors are not sure that all the steps of it work for arbitrary U and 
'arbitrary Cor(U)'', possibly we will fill in the details later. 

First we localize K b (Cor(U)) by (Bhi)- Note here that all elements of 
Shi are coretractions (cf. Remark 13.2.2( 4)): so one can apply the calcu- 
lations from §8.2 of |Bon09] . Moreover, one can probably express Dhi = 
K b {Cor{U))/ (Bhi) in terms of certain (cubical) Suslin complexes; cf. §5 
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of ibid. In particular, the morphisms between objects of Cor(U) in Dhi 
could be expressed as the morphisms in Cor(U) modulo certain 'homotopy 
equivalence' relation. 

Next one should localize Dhi by Bu r (and consider the Karoubization of 
the category obtained). Note here: in order to compute Chow°(U) it suffices 
to consider the localization of the K b ( Hw HI ) by B^ ir (here we apply Remark 
B% 2)). 

Also note that (in the notation of Remark 11.1.4( 2)) the category Sur,x 
for any X G Obj Cor(U) C Obj Dhi is filtering. Moreover, for 'any reason- 
able Cor(liy one can verify the 'first left Ore condition' (i.e. that one can 
convert morphism of the type s'~ l f into fs~ l ). For X,Y G Obj Cor(U) it 
follows that lim (lim Hw HI (Z, U)) surjects onto Chow°(U)(X, Y) 

(and these surjections respect compositions). 

One can also try to apply Remark 13.3.4( 3) to calculations in Chow°(U). 
Note here: Theorem 13.3.3( 1.4.5) yields the natural generalization of Propo- 
sition 7.4 of |KaS02] in our setting (the corresponding Ht £ was denoted by 
HI°(-) in [KaHQ2]). 

Now we briefly recall some consequences of the existence of a bounded 
weight structure for DM°(U). 

Remark 4.2.1. 1. There exists an exact conservative weight complex functor 
DM° gm {U) ->■ K b (Chow°(U)); cf. §3.1 of jBonlOcj . 

2. We define Ko(Chow°(U)) as the Abelian group with one generator 
[X] for each X G Obj Chow°(U), and one relation [Y] = [X] + [Z] for any 
X, Y, Z G Obj Chow°(U) such that Y = X Z. For K Q {DM° m {U)) we take 
similar generators and set [Y] = [X] + [Z] if X — > Y — > Z — > X[l] is a 
distinguished triangle. 

Then the embedding Chow°(U) — > DM°(U) yields an isomorphism 
K (Chow°(U)) ^ K (DM° m {U))] see Theorem 5.3.1 of jBonlOaj . 

3. For any (co)homological functor H : DM°(U) — >■ A (A. is an abelian 
category) there exists certain Chow-weight spectral sequences T(H, X) that 
relate the cohomology of any X G Obj DM°(U) with that of the terms of 
its weight complex. T(H,X) is DM° (LQ-functorial in X starting from Ei- 
T(H,X) induces a certain (Chow)-weight filtration on H*(X) (or H*(X)); 
this filtration is also DM° (LQ-functorial and can be (easily) described in 
terms of weight decompositions (only); see §2 of ibid. 

We also make certain remarks on the relevance of our results. 

Remark 4.2.2. 1. So, we obtain some new tools for 'computing Chow°(Uy 
(for a general U). Moreover, the authors hope that Remark 11.1.4( 1) will be 
relevant for computing DM° ([/)-morphism groups between DM°(U) Wbir= o 
and DM° m (U) Wbir=n for (certain) n < 0. 
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Another relevant observation here: for any additive A, S C Mor(A), C_ = 
K b (A), B = Cone(S) C K b {A) [ ' lfl \ one can easily describe B [nfi] C B [n _ lfi] 
(cf. Proposition II. 1.3T 2.3)) by a natural generalization of (J2]). 

2. It is certainly 'more interesting' to consider weight decompositions 
of those objects of DM°(U) that do not belong to DM°(U) w= i for any 
igZ (then one can obtain non-trivial weight nitrations and weight spectral 
sequences for (co) homology). Certainly, we would also like these objects to 
'come from [/-schemes'. So, it seems natural to look for some birational mo- 
tives of non-smooth finite type [/-schemes and for (birational) motives with 
compact support of (certain) finite type [/-schemes. If one can define certain 
motives of this type for [/-schemes in DM e H{\J\ then one can also obtain 
the corresponding birational motives by applying the localization functor. 
Unfortunately, it seems that for a general U the theory of |CiD09j yields 'rea- 
sonable' motives (with compact support) for arbitrary finite type [/-schemes 
only in the category DM C (U) (this is the 'stabilization' of DMgK(U) with 
respect to Tate twists; it's better to consider motives with rational coeffi- 
cients here). Yet this is no problem if U is the spectrum of a perfect field. 
Besides, in the general case one can still define certain motives (with compact 
support) of [/-schemes in DM e ^(U) (this is a 'cocompletion' of DMgfJ '(U); 
one also obtains the certain 'non-constructible' birational motives this way) 
using the results of ibid. 

3. Since an X G Obj Cor(U) in DM°(U) becomes isomorphic to any 
open dense X' C X, the objects of Chow°(U) are retracts of the 'bira- 
tional motives of generic points of Cor(U)\ Moreover, we suspect (following 
|Kahl2j) that DM°(U) splits as the direct sum of the corresponding cat- 
egories over (generic) Zariski points of U. Yet this could depend on the 
version of Cor(U) chosen. In any case, even the existence of Wu r was not 
clear previously for U being the spectrum of an imperfect field. 

4. In the case when U is the spectrum of a perfect field (and for the 
'classical' i.e. Voevodsky's Cor(U); see |Voe0 0j) the existence of wur was 
already known previously. One can distinguish three ('old') methods of the 
proof. Their (common) main disadvantage is that they rely on certain (quite 
hard) results of Voevodsky; they also require certain additional restrictions 
on U. 

(i) By Proposition ^. 1.311Tf8]) it suffices to verify that the objects of Cor(U) 
(i.e. smooth [/-varieties) form a negative subcategory of DM°(U). This was 
done in §7 of |KaS02] in the case char[/ = 0. 

(ii) Another method is to prove the existence of some weight structure 
w e ff for DM^(U) or for some its 'completion' that yields a weight structure 
for DM°(U). Note here: in this case the subcategory (Bur)]j^ffm) is ex ~ 
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actly the Tate twist DMfJ(U){\) olDM^{U) (resp. of its 'completion'); it 
is isomorphic to DM^(U) by the Voevodsky's cancellation theorem. Hence 
by Theorem 13. 2. 1( 1) (or by its partial case given by Proposition 8.1.1(1) of 
|BonlOa] ) w e ff yields a weight structure for DM°(U) if there exists an % G Z 
such that the functor — (l)[i] (i.e. the composition of the Tate twist with [i]) 
is weight-exact with respect to w e ff (see Definition 13. 1 . If VI) ) . 

Surprisingly, there are two 'geometric' possibilities here and an infinite 
set of certain 'less explicit' ones; they are ('mostly') parametrized by i. 

(iia) In the case i = 2 there is the Chow weight structure; its heart is the 
category of effective Chow motives (which is a full subcategory of DM g ^/(U); 
see |VoeOO] ). This was our reason for denoting Hw bir by Chow°{U). 

In the case char U = one can take any coefficient ring here (see Propo- 
sition 6.5.3 of |BonlOa| ); in the case char U — p > one has to invert p (and 
apply the main result of [Bonll] ). 

(iib) For % = 1 and a countable field U one can construct a certain Gersten 
weight structure. Its heart is 'generated' by certain (co)motives of function 
fields over U (see Proposition 4.1.1 of [B onlOb) for more detail); so it is only 
defined for a certain 'completion' T>(U) of DM^(U). 

(iic) One can also construct a ' — (l)[i] -stable' weight structure on a cer- 
tain version of 3)(£7) for any i € Z; see §4.9 of [BonlObJ. Even more 
generally, one can 'glue' certain weight structure from Wur by consider- 
ing certain 'shifts' of it (by arbitrary integral numbers) on the categories 
DM e /J{U)(i)/DM e g fJ{U)(j + 1) = DM° m {U) for j running through all N. 
Yet the author does not know of any constructions of weight structures of this 
sort that would not rely on the existence of the 'explicit' weight structures 
(that were already mentioned above). 

5. It is no wonder that the computations in DM°(U) are related with 
Suslin complexes (somehow; due to the relation between DM°(U) and D^i 
mentioned above). These complexes are very important for the theory of 
Voevodsky's motives (at least, over a perfect field; cf. also |Lev09] ): in par- 
ticular, in |Bon09] a certain 'differential graded description' of DM g lf(U) for 
U being the spectrum of a characteristic field was given. The disadvantage 
of Suslin complexes is that their cohomology is usually very hard to compute 
(for instance, a better understanding of these cohomology would yield the 
celebrated Beilinson-Soule vanishing conjecture). The authors hope to find a 
way of calculating morphism groups in DM°(U) that would not rely on the 
computation of cohomology for Suslin complexes; this would also improve 
our understanding of DM g H{U). 
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